Abstract. We carry out calculations of Orlicz cohomology for some basic Riemannian manifolds (the real line, the hyperbolic plane, the ball). Relationship between Orlicz cohomology and Poincaré-Sobolev-Orlicz-type inequalities is discussed.
Introduction
The article continues the study of Orlicz cohomology of Riemannian manifolds initiated in [7, 8] .
Orlicz cohomology is a natural generalization of L qp -cohomology (for a detailed discussion of L qp -cohomology, the reader is referred, for example, to [4] ).
Like Orlicz function spaces, the Orlicz spaces L Φ of differential forms are a natural nonlinear generalization of the spaces L p . Orlicz spaces of differential forms on domains in R n were first considered by Iwaniec and Martin in [6] and then by Agarwal, Ding, and Nolder in [1] . Orlicz forms on an arbitrary Riemannian manifold were apparently first examined by Kopylov and Panenko in [7] .
In [4] , Gol ′ dshtein and Troyanov demonstrated close relationship between L qpcohomology and Sobolev-type inequalities on Riemannian manifolds and, basing on this and some "almost duality" techniques, performed calculations of L qp -cohomology for some basic manifolds. It turns out that, with some significant corrections and sometimes under additional constraints on the N -functions from which the Orlicz cohomology is constructed, these methods prove to be fruitful in computing Orlicz cohomology.
The structure of the article is as follows: In Section 1, we recall the main notions and necessary properties of Orlicz function spaces. In Section 2, we recall some basic information on abstract Banach complexes. Section 3 contains defininitions concerning Orlicz spaces of differential forms on a Riemannian manifold, Orlicz cohomology, and its interpretation in terms of Poincaré-Sobolev-Orlicz inequalities (Theorems 3.3 and 3.4). Then we calculate the L Φ1,Φ2 -cohomology of R (Section 4) the hyperbolic plane (Section 5) and the L Φ -cohomology of the ball ("L Φ -Poincaré inequality", Section 6).
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N -Functions and Orlicz Function Spaces
An N -function Φ has left and right derivatives (which can differ only on an at most countable set, see, for instance, [10, Theorem 1, p. 7] ). The left derivative ϕ of Φ is left continuous, nondecreasing on (0, ∞), and such that 0 < ϕ(t) < ∞ for
The functions Φ, Ψ given by
The N -function Ψ complementary to an N -function Φ can also be expressed as
Throughout the article, given an N -function Φ : R → [0, ∞), we denote by Φ 2. An N -function Φ is said to satisfy the ∆ 2 -condition (for all x), which is written as Φ ∈ ∆ 2 if there exists a constant K > 2 such that Φ(2x) ≤ KΦ(x) for all x ≥ 0; Φ is said to satisfy the ∇ 2 -condition (for all x), which is denoted symbolically as Φ ∈ ∇ 2 , if there is a constant c > 1 such that
It is not hard to see that an N -function Φ satisfies the the ∇ 2 -condition if and only if its dual N -function satisfies the ∆ 2 -condition.
Henceforth, let Φ be an N -function and let (Ω, Σ, µ) be a measure space. Definition 1.3. Given a measurable function f : Ω → R, we put
is called an Orlicz space on (Ω, Σ, µ).
Let Ψ be the complementary N -function to Φ. Below we as usual identify two functions equal outside a set of measure zero. If f ∈ L Φ then the functional · Φ (called the Orlicz norm) defined by
is a seminorm. It becomes a norm if µ satisfies the finite subset property (see [10, p. 59] ): if A ∈ Σ and µ(A) > 0 then there exists B ∈ Σ, B ⊂ A, such that 0 < µ(B) < ∞. The equivalent gauge (or Luxemburg) norm of a function f ∈ L Φ is defined by the formula
This is a norm without any constraint on the measure µ (see [10, p. 54, Theorem 3] ).
Banach Complexes
Like in the case of L q,p -cohomology, treated in [4] , we apply some abstract facts about Banach complexes to the Orlicz cohomology of Rimennian manifolds.
In this section, we recall some definitions and assertions about abstract Banach complexes given in [4] .
Definition 2.2. Given a Banach complex {F k , d}, introduce the vector spaces:
As was observed in [4] , the following easy assertion holds:
The following are equivalent:
k−1 ; (iii) There exists a constant C k such that for any θ ∈ Z k there is an element η ∈ F k−1 with dη = θ and
Lemma 2.5. [4, Propositions 4.6 and 4.7]
The following conditions (i) and (ii) are equivalent:
Moreover, if F k−1 is a reflexive Banach space then conditions (i)-(iii) are equivalent.
Orlicz Spaces of Differential Forms and Orlicz Cohomology
Let X be a Riemannian manifold of dimension n. Given x ∈ X, denote by (ω(x), θ(x)) the scalar product of exterior k-forms ω(x) and θ(x) on T x X. This gives a function x → (ω(x), θ(x)) on X.
Let Φ : R → R and Ψ : R → R be two complementary N -functions. Given a measurable k-form ω, we put
Here dµ X stands for the volume element of the Riemannian manifold X. We will identify k-forms differing on a set of measure zero.
Given a (not necessarily orientable) Riemannian manifold X, introduce the space L Φ (X, Λ k ) as the class of all measurable k-forms ω satisfying the condition ρ Φ (αω) < ∞ for some α > 0.
As in the case of Orlicz function spaces, the space L Φ (X, Λ k ) is endowed with two equivalent norms: the gauge norm
and the Orlicz norm (Ψ is the complementary N -function to Φ):
As in the case of function spaces, it can be proved that L Φ (X, Λ k ) endowed with one of these norms is a Banach space.
Obviously, the gauge norm of a k-form ω is nothing but the gauge norm of its modulus function |ω|. The same holds for the Orlicz norm ([7, Lemma 2.1]).
Unless otherwise specified, we endow the L Φ spaces with the gauge norms; the quotient (semi)norm on each of the cohomology spaces to be defined below depends on the choice of the norms on L ΦI and L ΦII but the resulting topology does not.
for every orientable domain U ⊂ Int X and every form u ∈ D n−j−1 (X) having support in U .
This is a Banach space with the norm
Consider also the spaces
Definition 3.2. The quotient spaces
are called the kth L ΦI ,ΦII -cohomology and the kth reduced L ΦI ,ΦII -cohomology of the Riemannian manifold X, the latter cohomology being a Banach space. Define the L ΦI ,ΦII -torsion as
is the kth cohomology (respectively, the kth reduced cohomology) of the cochain complex {Ω * Φ (X), d}.
In [4], Gol
′ dshtein and Troyanov realized the kth L q,p -cohomology as the kth cohomology of some Banach complex. Here we apply this approach to L ΦI ,ΦII -cohomology.
Fix an (n + 1)-tuple of N -functions F = {Φ 0 , Φ 1 , . . . , Φ n } and put
Since the weak exterior differential is a bounded operator d : 
The results on abstract Banach complexes by Gol ′ dhstein and Troyanov enable us to interprete Orlicz cohomology in terms of a Poincaré-Sobolev-Orlicz type inequality for differential forms on a Riemannian manifold X: 
. This result is an immediate consequence of Lemma 2.4. 
Proof. Considering the Banach complex Ω * F with F = {Φ II , . . . , Φ II , Φ I , . . . , Φ I }, where Φ II changes to Φ I at the kth position, we get 
for some real positive constant C. Consider the function
Here the constant C is chosen so that
Now, consider the family of smooth functions with compact support {f a : R → R : a > 0}, where
(we owe this construction to [2, pp. 8-9] ). Then
is finite only for z = 0. Estimate the Orlicz norms involved in (4.1). We have
On the other hand,
We have
Thus,
The obtained contradiction proves the proposition. 
where ε m = t m /m and t m is the only root of the equation
(The function t → Φ 2 (t)/t is strictly increasing; see, for example, [9] ). We obviously have
Compute the norm λ m (Φ2) . We have
Here Φ . By the choice of ε m , All the results of this section are also valid for the half-line R + (with similar proofs).
The L Φ1,Φ2 -Cohomology of the Hyperbolic Plane
We will need the following Orlicz versions of Propositions 8.3 and 8.4 in [4] , which are proved in absolutely the same manner: Proposition 5.1. Let M be a complete manifold of dimension n and let (Φ 1 , Ψ 1 ) and (Φ 2 , Ψ 2 ) be two pairs of complementary Orlicz functions. Suppose that α ∈ Z k Φ2 (X) and there exists a smooth closed (n − k)-form γ such that γ ∈ Z n−k
Let M be a complete manifold of dimension n and let (Φ 1 , Ψ 1 ) and (Φ 2 , Ψ 2 ) be two pairs of complementary Orlicz functions. Suppose that α ∈ Z k Φ2 (X) and there exists a smooth closed
2 is the Riemannian manifold that can be modelled as the space R 2 endowed with the Riemannian metric
For an N -function Φ, introduce the condition Lemma 5.4. There exist two smooth functions f and g on H 2 such that (1) f and g are nonnegative; We will also need the following generalization of item (3) : If f ∈ L Φ and g ∈ L 1 then f * g ∈ L Φ and f * g Φ ≤ f Φ g 1 . Applying this inequality to f = |θ| and g(x) = |x| 1−n , we obtain the corollary from Proposition 6.1. In the Orlicz norms, the norm of the operator T is bounded by g 1 . 
